ON PRESENTATIONS OF SURFACE BRAID GROUPS 
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Abstract. We give presentations of braid groups and pure braid groups on 
surfaces and we show some properties of surface pure braid groups. 



1. Presentations for surface braids 

Let F be an orientable surface and let V = {Pi, . . . , P„} be a set of n distinct 
points of F. A geometric braid on F based at V is an n-tuple 5* = (ipi, . . . , tpn) of 
paths 4'i : [0, 1] — > P such that 

• i/'»(0) = Pi, i = 1 . . . ,n; 

• V^l) eP, i = l...,n; 

• tpi{t), . . . , tpn{t) are distinct points of F for all t G [0, 1]. 

The usual product of paths defines a group structure on the set of braids up to 
homotopies among braids. This group, denoted B{n,F), does not depend on the 
choice of V and it is called the braid group on n strings on F. On the other hand, let 
be FnF = P" \ A, where A is the big diagonal, i.e. the n-tuples x = {xi, . . . Xn) for 
which Xi — Xj for some i ^ j. There is a natural action of S„ on FnF by permuting 
coordinates. We call the orbit space FnF = FnF/Tin configuration space. Then 
the braid group B{n,F) is isomorphic to 7ri(_F'„F). We recall that the pure braid 
group P(n, F) on n strings on F is the kernel of the natural projection of P(n, F) 
in the permutation group S„. This group is isomorphic to 7ri(P„P). The first aim 
of this article is to give (new) presentations for braid groups on orientable surfaces. 

A p-punctured surface of genus g > 1 is the surface obtained by deleting p points 
on a closed surface of genus g > 1- 

Theorem 1.1. Let F be an orientable p-punctured surface of genus g > 1. The 
group B{n,F) admits the following presentation (see also section[ 

• Generators: di, . . . , (t„_i, Oi, . . . , Og, 6i, . . . , 6g, zi, . . . , Zj 

• Relations: 



Braid relations. 



I.e. 



CTiCTj = cjjiJi for \i- i\>2. 



Mixed relations: 
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ttrCTi aiGr (1 < r < 5; 1^1); 
&^(Tj — a^br < r < g; i ^ 1) ; 
(-R2) a^^a^a^^a^ — a^-a^^ a^-a^^ (1 < ^ < ff) ; 

(i?3) CTf ^flsfJiar = arGi^asUi {s < r) ; 

Gi^bsUibr — brai^bs<7i (s < r) ; 

ai^GsCTibr — brai^as<7i (s < r) ; 

a^^bgaiar — ara^^bscri (s < r) ; 
(i?4) a^^ar<J^^hr = bra^^ar<Ji < r < g) ; 
(i?5) ZjCTi = (TiZj (i 7^ n - 1, j = 1, . . . ,p - 1) ; 

(i?6) Gi^ZiOiar ~ Qrai^Ziai {I < r < g; i — 1, . . . ,p — 1; n > 1) ; 

Gi^ZiCJibr = br-ffi^ Zi<7i (1 < r < 5; z = 1, . . . ,p — 1; n > 1) ; 
(i?7) CTf ^Zj-fJiZ; = Z;crf ^ZjCTi (j = 1, . . . , p - 1, j < ; 

(i?8) a^'^ZjG^^Zj = ZjCj^^Zja^'^ (j = 1, . . . ,p - 1) . 

Theorem 1.2. Lei F be a closed orientable surface of genus g > 1- The group 
B(n,F) admits the following presentation: 

• Generators: ci, . . . , cr„_i, oi, . . . , 6i, . . . , 5g. 

• Relations: 

— Braid relations as in Theorem M.lX 

— Mixed relations: 

(i?l) arCTj fTiflj, (1 < r < 5; i ^ 1) ; 

&^(Tj = (T,;fer (1 < < .9; * 7^ 1) ! 

(i?2) a^^arCTi^Or = Ora^^OrCr^^ (1 < ^ ^ .9) ; 

Gi^brCFi^br = bj-a^^bj-a^^ (1 < r < g) ; 
(i?3) CTj^^asCriar = OrCrf ^flsCri (s < r) ; 

Gi^bsCibr — brai^bsCTi (s < r) ; 

Oi^asUibr — brai^OsCTi (s < r) ; 

crf^&sCTiar = Orai^bsCTi (s < r) ; 
(i?4) a^^OrO-^^br — bra^^Orai {I < r < g) ; 
(TR) [ai, 6]^^] • • • [ag, 6^ ^] = (Ti(T2 • • • crl-i ■ ■ ■ cr2(Ji , 
where [a,b] := aba^^b"^ . 

We may assume that Theorem ll . ll provides also a presentation for B{n, F), when 
F an orientable surface with p boundary components. When F is a closed orientable 
surface, our presentations are similar to Gonzalez-Meneses' presentations, but the 
number of relations is smaller. We recall also that the first presentations of braid 
groups on closed surfaces were found by Scott (d)), afterwards revised by Kulikov 
and Shimada f |13|). At our knowledge, the case of punctured surfaces is new in the 
literature. Our proof is inspired by Morita's combinatorial proof for the classical 
presentation of Artin's braid group (53)- We will explain this approach while 
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proving Theorem ll.il After that we will show how to make this technique fit for 
obtaining Theorem 11.21 The last part of the article concerns the study of surface 
pure braids groups, for F an orientable surface. We provide in Theorem 16.11 a 
homogeneous presentation for P{n,F), very close to the standard presentation of 
the pure braid group P„ on the disk. Several results on surface pure braid groups 
are deduced. 

Acknowledgments. The author is grateful to John Guaschi for his preprint on 
surface pure braids and to Barbu Berceanu, Louis Funar, Juan Gonzalez-Meneses, 
Stefan Papadima and Vlad Sergiescu for useful discussions and suggestions. Part 
of this work was done during the author's visit to the I.M.A.R. of Bucharest, whose 
support and hospitality are gratefully acknowledged. 

2. Preliminaries 

2.1. Fadell-Neuwirth fibrations. The main tool one uses is the Fadell-Neuwirth 
fibration, with its generalisation and the corresponding exact sequences. As ob- 
served in W , if is a surface (closed or punctured, orientable or not), the map 
e : FnF ^ Fn-iF defined by 

is a fibration with fiber F \ {xi, . . . The exact homotopy sequence of the 

fibration gives us the exact sequence 

■■■TT2{FnF)-^TT2{Fn^lF)^TTi{F\{xi,...,Xn-l}) 

P{n, F) P{n - 1, F) ^ 1. 

Since a punctured surface (with at least one puncture) has the homotopy type of a 
one dimensional complex, we deduce 

nk{FnF) = TTk{Fn-iF) ^ . . . ^ nk{F), k>3 

and 

7r2(F„F) C TT2iFn-iF) C ■ • ■ C ^2(F) . 

If F is an orientable surface and F ^ S"^, all higher homotopy groups are trivial. 
Thus, if F is an orientable surface different from the sphere we can conclude that 
there is an exact sequence 

(PBS) 1 ^i(F\{xi,...,rz;„_i}) ^ P{n,F) P{n-l,F) ^ 1, 

where 9 is the map that "forgets" the last path pointed at x„. 

The problem of the existence of a section for {PBS) has been completely solved 
in JT]. It is possible to show that 9 admits a section, when F has punctures. On 
the other hand, when F is a closed orientable surface of genus g > 2, (PBS) splits 
if and only if n = 2. An explicit section is shown in (2^ in the case of the torus. 

2.2. Geometric interpretations of generators and relations. Let F be an 

orientable surface. Let B{n, F) be the group with the presentation given in Theorem 
11.11 or Theorem 11.21 respectively. The geometric interpretation for generators of 
B{n, F), when F is a closed surface of genus g > 1 is the same as in except that 
we represent F as a polygon L of sides with the standard identification of edges 
(see also section IE7S|) . We can consider braids as paths on L, which we draw with 
the usual "over and under" information at the crossing points. Figure 1 presents 
the generators of B{n, F) realized as braids on L. 
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fl, b, a. 

Figure 1. Generators as braids (for F an orientable cfosed surface). 



Note that in the braid (respectively 6,) the only non trivial string is the first 
one, which goes through the the wall ai (the wall (3i). Remark also that ai . . . , Cri-i 
are the classical braid generators on the disk. 




Figure 2. Geometric interpretation for relation (R4) in Theorem 
11.11 homotopy between a^^ar^i^W (on the left) and brCr^^arCri 
(on the right). 



It is easy to check that the relations above hold in B{n,F). The non trivial 
strings of Ur (br) and (Tj when i ^ 1, may be considered to be disjoint and then 
(i?l) holds in B{n,F). On the other hand, a^^arcr^^ is the braid whose the only 
non trivial string is the second one, which goes through the the wall and disjoint 
from the corresponding non trivial string of a^. Then a^^arai^ and a,, commute. 
Similarly we have that ai^hr<Ji^ and br commute and (i?2) is verified. The case of 
(i?3) is similar. Figure 2 presents a sketch of a homotopy between with a^cTi b^ 
and brGi"^ arUi. Thus, (i?4) holds in B{n,F). 

Let Sr (respectively tr) be the first string of (respectively br), for r — 1, . . . , 2g, 
and consider all the paths si,ti, . . . , Sg,tg. We cut L along them and we glue the 
pieces along the edges of L. We obtain a new fundamental domain (see Figure 3, 
for the case of a surface of genus 2), called Li, with vertex Pi. On Li it is clear 
that [ai,5||~^] • • • [ag,b~^] is equivalent to the braid of Figure 4, equivalent to the 
braid aia2 ■ ■ ■ <^n-i ■ ■ ■ <J2<Ji and then (TR) is verified in -B(n, F). 

There is an analogous geometric interpretation of generators of B{n, F), for F an 
orientable p-punctured surface. The definition of generators Ci, aj,bj is the same as 
above. We only have to add generators Zi, where the only non trivial string is the 
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Figure 3. The fundamental domain Li. 




Figure 4. Braid [ai,b^ ■ - [ag, bg 



first one, which is a loop around the i-th boundary component (Figure 5), except 
the p-th one. 

As above, relations can be easily checked on corresponding paths (Figure 6). 
Remark that a loop of the first string around the p-th boundary component can 
be represented by the geometric braid corresponding to the element 

[ai,b^^] ■ ■ ■ [ag, 6g • • • f^n-i • • • CTi^zi ■ ■ ■ . 

Therefore, one has natural morphisms : B{n,F) B{n,F). One further 
shows that are actually isomorphisms. 



3. Outline of the proof of Theorem II. II 

3.1. The inductive assertion. We outline the ideas of the proof for F a surface 
of genus g with one puncture. One applies an induction on the number n of strands. 
For n — 1, B{1,F) = tti{F) = B{1, F), then (pi is an isomorphism. 
Consider the subgroup B^{n,F) = 7r^^(I]„_i) and the map 

e : B"{n,F) B{n - 1,F) 
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z . 



Figure 5. Generators as braids (for F an orientable surface with 
•p boundary components). 




Figure 6. The braids ZjG\ and trf z^a^ . The non trivial 
string of a^^Zjax can be considered disjoint from the non trivial 
string of zj, for j < I. Similarly the braid a^^zja^^ commutes 
with Zj. 

which "forgets" the last string. Now, let B°{n,F) be the subgroup of B{n, 
generated by ai, . . . ,ag,bi, . . . ,bg,ai, . . . , cr„_2, n, • • • , t„_i, wi, . . . , uj2g, where 

Tj = cr„_i • • • CTj+iCT|(jj^_,_\ • • • fT~li (r„_i = al_i) ; 

W2r-1 = Cr~li • • -erf ^OrO-i ■ • -CTn-i r = 1, . . . , Q ; 
W2r = Cr~ll • • -O-f^^rO-l ■ • -CTn-l r = 1, . . . , Q . 
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We construct the foUowing diagram: 

~ 6 ^ 
B°{n,F) B{n~l,F) 

'^n|BO(„,f) 

6 

B°{n,F) B{n~l,F) 

The map 6 is defined as 4>n^i^4'n\BO{n,F)- It is well defined, since 0„_i is an 
isomorphism by the inductive assumption, and it is onto. In fact, 9{ai) = ai, 9[bi) =^ 
hi for i = 1, . . . , g and 9{crj) — Uj for j = 1, . . . , n — 2. 

3.2. The existence of a section. The morphism 9 has got a natural section 
s : B{n — — > B^{n,F) defined as: s{aj) ~ aj,s{ai) = ai,s{bi) = bi for 
j = 1, . . . , n — 2 and i = 1, . . . , 2g. 

Remark 3.1. Geometrically this section consists of adding a straight strand just 
to the left of the puncture. Generators are sent in corresponding generators. 

Given a group G and a subset Q of elements of G we set (Q) for the subgroup of 
G generated by Q and {{G)) for the subgroup of G normally generated by Q. From 
now on, given a, b two elements of a group G, we set a'' ~ b^^ab and '^a — bab^^. 

Lemma 3.1. Let G ^ {ti, . . . ,Tn-i,uJi, . . . ,uj2g}. Then Ker{9) ^ {Q) . 

Proof: We set j3 = ti • • • t„_i = cr„_i • • • (720'^(T2 • • • o'„_i and 7 = /3~^ri/3 — 
= a~\ ■ ■ ■ (7^^17^172 • • • CTn-i- By construction we have {Q) C Ker{9). 

The existence of a section s implies that Ker{9) = {{Q)). In fact, suppose that 
there is such x € Ker{9) that x ^ {{G))- Thus, there is a word x' 1 on generators 
ai, . . . , flg, 61, ... , bg, (Tl, . . . , (T„-2, of F) such that 9{x') = 1, because all other 

generators of B^(n,F) are in {Q). This is false, since x' = s{9{x')). To prove that 
{Q) is normal, we need to show that h^,^h G {Q) for all generators g of B°{n,F) 
and for all h <E Q. 

i) Let g be one of the classical braid generators aj, j = 1, . . . ,n ~ 2. It is clear 
that Tp and "'^Ti {i = l,...,n — 1) belong to (ri, . . . , r„_i), since it is already 
true in classical braid groups (JS], Jl]). On the other hand, wf' = '^^coi = Ui 
(z = l,...,2g). 

ii) Let g = Or or g = br (r = 1, ... ,5). Commutativity relations imply rj' = 
9tj =Tj (j = 2, . . . n - 1). Note that 

"^'Ti = '^"2;-i7 and = ^r'/5^2.-i^ foj. r = 1, . . . ^ c, ; 

f'-n = l^'^^'j and = ^r''3a;2.^ foj. r = 1^ . . . ^ . 

We show only the first equation (the other is similar). By iterated application of 
[ar,CTia~^ai] = 1 we obtain: 

"'"'Tl = On-i • • • (72arCria^^arCTia^ ^aia^ ^ ■ ■ ■ o^^^-^ = 

-1 -1 -1 -1 -1 

= (T„_i • • ■ (T2ar(Tiaj, aia^ criarCTi (J2 ' ' ' '^n-i ~ 

= Cr„_l • • • CT2CTia7 ViCTiOrCTf ^2^^ • • • CT^^i = f^'^2^-lj . 
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Set 02, s — Ci ^OsCTi for s = l,...,g and respectively 62,8 = cr-^ ^bscri for s 
1, . . . ,g. In the same way as above we find that: 

{RCl) (a2r-=«^-(a?) {r = l,...,g); 

(^?)'"-='^"-(^?) (r = l,...,5); 
{RC2) = (r = l,...,5); 

''■(^?) = (^?^'-"" (r = l,...,5). 

Now, remark that relations {R3) and (i?4) imply the following relations: 

(i?3') OrUiOsUj"^ = (TiasC7f"^ar (r < s) ; 

^rCTiasCr]"^ = (Tiagcrf^br (r < s) ; 

arCTibsCTi^ = aibgCTi^ar (r < s) ; 

brUibsUi^ = aibga^^br (r < s) ; 

(i?4') r^^r-lCl = crf^Or-lCrf (1 < < 5) ; 



Relations (i?Cl), (-RC2), (i?3'), (-R4') combined with relations {R2), (i?3), (i?4) give: 

"'■a2,s = a2,s (s < r) ; 
'''■02,5 = a2.s (s < r) ; 
""^62,8 = 62,5 (s<r); 
'''■62,8 = ^'2,s {s<r): 

"^'-""02,. (l<r<g); 
6^y^= K.-r^52,. (l<r<5); 
«-a2,. = "'02,. (1 < r < 5) ; 

^^b2,r = "h2,r (1 < r < 5) ; 

= '"^'^'"^"''(02,.) (r<s); 

&t = '"'"'""'(^2,.) (r<s); 

ot = Ks) (^<s); 

6t = "^"-''^"'(^2,s) (r<.); 
""02,,, = '"'-"^'iKs) (s<r); 
^^a2,. = l"-'^'lK,s) (5<r); 

= (a2,rO-f ^o^j;)62,r[o-f ^, a2,r] (1 < J" < 5) ; 

''^b2,r=<jlb2,r[a2,l<^l] < r < g) 

>>'-a2^r = a2,rO-r^ (1 < r < g) ; 
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A consequence of these identities and relation (i?l) is that w"'', "'■Wi, w^"^, ^' £ {Q) 
{i,r^l,...,g). a 



Lemma 3.2. Set also {ui, . . . , n, • ■ • t„_i} inB°{n,F) /or {0„([Ji), . . . , 4)n{u)2g), 
(?!)„(ti), . . . (/)„(t„_i)}. Then Ker{0) is freely generated by {wi, . . . , W2g, n,..., 

T„-l}- 



Proof: The diagram 



P(n,F) — ► P{n - l,F) 



B°{n,F) — ► B{n~l,F) 

is commutative and the kernels of horizontal maps are the same. As stated in 
section ITTl Ker{6) — ■7Ti{F \ {Pi, . . . ,P„_i},P„). If the fundamental domain is 
changed as in Figure 6 and ujj , are considered as loops of the fundamental group 
of F \ {Pi, . . . , P„_i} based on P„, it is clear that ni{F \ {Pi, . . . , P„_i}, P„) = 
(cJi, . . . ,a;2(,,Ti, . . .r„_i| ). □ 





Figure 7. Interpretation of ujj,Ti as loops of the fundamental group. 



Lemma 3.3. 



'^n\B'>{n,F) 



is an isomorphism. 



Proof: From the previous Lemmas it follows that the map from Ker{9) to Ker{9) 
is an isomorphism. The Five Lemma and the inductive assumption conclude the 
proof. □ 



3.3. End of the proof. In order to show that is an isomorphism, let us re- 
mark first that it is onto. In fact, from the previous Lemma the image of B{n, F) 
contains P„ and on the other hand B{n,F) surjects on I]„. Since the index of 
B°{n,F) in B{n,F) is n, it is sufficient to show that [B{n,F) : B°{n,F)] = n. 
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Consider the elements pj ~ aj ■ ■ ■ an-i (we set p„ = 1) in B{n, F). We claim that 
[J - piB^in, F) — B{n, F). We only have to show that for any (positive or negative) 
generator g of B{n, F) and i = 1, . . . ,n there exists j = 1, . . . ,n and x e B^{n, F) 
such that 

gpi ^ pjX . 

If g is a classical braid, this result is well-known (IB'). Other cases come almost 
directly from the definition of ujj. Thus every element of B{n, F) can be written in 
the form piB^{n, F). Since p^^pj ^ B^{n,F) for i ^ j we are done. □ 

The previous proof holds also for p > 1. This time B^{n,F) is the subgroup of 
B{n,F) generated by ai, ...,ag,bi,.. .,bg,ai, . . . ,(t„_2, . . . ,t„_i, uji, . . .,uj2g, 
Ci, . . . , Cp-i where Tj, uj^. are defined as above and = (J~li • ■ ■ Zjai, ■ ■ ■ , cr„_i. 

□ 

4. Proof of Theorem 11.21 

4.1. About the section. The steps of the proof are the same. We set again 
B^{n,F) — 7r^^(S„_i). This time B^{n,F) is the subgroup of B{n,F) generated 
by ai, . . . ,ag,6i, . . . cti, . . . , (j„_2, ri,...,r„_i, uji, . . . ,uj2g, where r,, uJr are 
defined as above. Remark that ri £ (Q) since from (TR) relation, the following 
relation 

holds in B°{n,F). When F is a closed surface the corresponding 9 has no section 
(see section . Nevertheless, we are able to prove the analogous of Lemma [3. II 
(see section IT^ . 

Lemma 4.1. Let F be a closed surface. Then Ker(0) is generated by {t^i, . . . , 1^23, 
T2, . . . r„_i}. 

The following Lemma is analogous to Lemma IT^ 

Lemma 4.2. Let F be a closed surface and set also {loi, . . . , W2g, 12, . . . t„_i} in 
B°{n,F) for{(f>n{uJi), . . . , (j>„ {uj2g), (t)n{T2), ■ ■ ■ 0n(T„_i)}. Ker{0) is freely generated 
by {uji, . . . ,W2g,r2, . . .t„_i}. 

Let 

Pj ~ '^3 ' ' ' '^n-i (where p„ — 1). We may conclude by checking that for any 
generator g of B{n, F) (or its inverse) and i — I, . . . ,n there exists j = 1, . . . ,n and 
X e B^{n,F) such that 

which is a sub-case of previous situation. □ 

4.2. Proof of Lemma 14.11 To conclude the proof of Theorem 11.21 we give the 
demonstration of Lemma l4.ll Let us begin with the following Lemma. 

Lemma 4.3. Let F be a closed surface and Q — {t2, . . . ,r„_i,Li;i, . . . ,ct;2g}. The 
subgroup (Q) is normal in B^(n,F) 
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Proof: It suffices to consider relations in Lemina l3.ll Remark that from relations 
shown in Lemma FH. II it follows also that the set 

{iTjI^^lJ = 1, • . - J^ - 1, 7 word over {uj^^ , . . .,ujfg}} , 
is a system of generators for ((ri, . . . ,t„_i)) = ((t„_i)). □ 

In order to prove Lemma l4.ll let us consider the following diagram 

— 9 
Ker9 ► F) ► B{n - 1, F) 




KerO' ^ B°{n,F)/{{Tn-i)) 

In this diagram g„ is the natural projection, 6' is defined hy 6' o — 9 and tn is 
defined by i'oi„ = qn°'i- Since i„ is well defined and onto we deduce that Ker{tn) = 
((t„_i)). Now, 9' does have a natural section s : B{n — l^F) — > i3°(n, i^)/((r„_i)) 
defined as s{ai) = [aj], s{bi) = [bj] and s{aj) = [aj], where [x] is a representative of 
X G B^{n,F) in 5*^(71, F)/((t„_i)). Thus, using the same argument as in Lemma 

we derive that Ker{9') = ((/C)), where /C = {[wi], . . . , [w2g], [rs], . . . [t„_i]}. 
From Lemma [4.31 it follows that (A^) = ((/C))- Moreover, since Ti G ((t„-i)) for 

1 = l,...,n-2, Ker{9') = ([c^i], . . . , [c^2<,]). 

From the exact sequence 

1 ^ ((r„_i)) ^ Ker{9) ^ Ker{9') ^ 1 

it follows that {wi, . . . , 0J2g} and a system of generators for ((r„_i)) form a system 
of generators for Ker{9). From the remark in Lemma [4. 31 it follows that Ker{9) — 

(t2, . . . ,T„_i, Wi, . . . , W2g)- □ 



5. Other presentations and remarks 
5.1. Braids on p-punctured spheres. We recall that the exact sequence 

1 ^ ^i(^^\{Pi,...,i^„_i},P„) ^ P{n,F) — P(n-1,F)^1 

holds also when F — Thus, previous arguments may be repeated in the 

case of the sphere, to obtain a new proof for the well-known presentation of braid 
groups on the sphere as quotients of classical braid groups. On the other hand, 
when F is p-punctured sphere we have the following result. 

Theorem 5.1. Let F be a p-punctured sphere. The group B{n,F) admits the 
following presentation: 

• Generators: ci, . . . , (t„_i, zi, . . . , Zp-i . 

• Relations: 

— Braid relations, i.e. 

CTiCTj = (Jjai for \i — j\ > 2 . 

— Mixed relations: 
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(Rl) Zjdi^aiZj (i 7^ 1, j = 1, . . . 1) ; 

(i?2) cr^^Zjaizi ^ zia^^ZjCFi = 1, . . . ,p - 1, j < ; 

{m) a^'^Zja^^Zj = z-jo^^zjo^'^ (j = 1, . . . ,p - 1) ; 



We remark that this presentation coincides with Lambropoulou's presentation 



5.2. Braids on non-orientable surfaces. On the other hand, previous argu- 
ments hold to show the following Theorems for non-orientable surfaces. 

Theorem 5.2. Let F he a non-orientable p-punctured surface of genus g > 1. The 
group B{n,F) admits the following presentation: 

• Generators: ui, . . . , (t„_i, ai, . . . , Og, zi, . . . , Zp_i . 

• Relations: 

— Braid relations, i.e. 

CTiCTj — OjOi for \i — i\ > 2 . 

— Mixed relations: 

{Rl) OrfTi = aiUr {1 ^ r < g; i ^ I) ; 

{R2) a^^arCr^^Or — arOi^arOi {1 <r < g) ] 

(i?3) ai^as(Tiar — a^crf ^OsCri (s < r) ; 

(i?4) ZjCTi = (T,,Zj (i ^ n - 1, j = 1, . . . ,p - 1) ; 

(i?5) Gi^ZiCJiar — Qrai^Ziai {I < r < g; i — 1, . . . ,p ~ 1; n > 1) ; 



Theorem 5.3. Let F be a closed non-orientable surface of genus g >2. The group 
B{n,F) admits the following presentation: 

• Generators: ci, . . . , (t„_i, ai, . . . , . 

• Relations: 

— Braid relations as in Theorem \Ll\ 

— Mixed relations: 



We give only a geometric interpretation of generators ([HI)- To represent a braid 
in F we consider the surface as a polygon, this time of 2g sides as in Figure 9, 
and we make an additional cut: define the path e as in the left hand of the Figure 
9 and cut the poligon along it. We get F represented as in the right hand side 
of the same figure, where we can also see how we choose the points Pi, . . . ,P„. 



m 



a-^ ^zjaizi = zia^ ^zjai (j = 1, . . . ,p - 1, j < ; 



{Rl) 
(i?2) 
(i?3) 
(i?4) 
{TR) 



OrCTi = Uittr {1 < r < g; i ^ 1) ; 
ai^OrCTi^ar — arCTi ^a^CTi {1 ^ r < g) ; 
ai^OgaiOr — a^-a^ ^a^di (s < r) ; 
ZjO-j = aiZj (i ^ n - 1, j = 1, . . . ,p - 1) ; 
ai - ■ ■ Qg — ■ ■ ■ a-f^_i ■ ■ ■a2CFi . 
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We show generators in Figure 10. Generators aj and Zj are as above. For all 
r — 1, . . . , g, the braid ar consists on the first string passing through the r-th wall, 
while the other strings are trivial paths. Relations can be easily verified drawing 
corresponding braids. The (TR) relation in Theorem 15.31 is treated in We 
remark that setting g = I the previous Theorem provides a presentation for braid 
groups on the projective plane (see also |2()j). 




Figure 8. Representation of a non-orientable surface F. 




Figure 9. Generators as braids (for F a non-orientable surface). 



5.3. Gonzalez-Meneses' presentations. Let F be a closed orientable surface 
of genus (? > 1. Using the same arguments outlined in previous sections we may 
provide an other presentation for B{n, F). 

Theorem 5.4. Let F be a closed orientable surface of genus g > I. The group 
B{n,F) admits the following presentation: 

• Generators: di, . . . , cr„_i, hi, ... , b2g . 

• Relations: 

— Braid relations as in Theorem M.lX 

— Mixed relations: 
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(i?l) brCTi = (JiK (1 < r- < 2g; i ^ 1) ; 

(i?2) hsa^^hra^^ = aiKa^^hs (1 < s < r < 2g) ; 

(i?3) fo^crf ^fo^crf ^ = (Tf ^6,.(Tf (1 < r < 2g) ; 

(Ti?) 6162"^ ■ • • b2g-ib2gb^^b2 ■ . . ^29-1^25 = 0-1 0-2 • • • cr^_i • • • (J2cri ■ 

A closed orientable surface F of genus 5 > 1 is represented as a polygon L of ig 
sides, where opposite edges are identified. Figure 1.10 gives a geometric interpre- 
tation of generators. Relations can be easily verified on corresponding braids. 




b: 



Figure 10. Generators as braids (for F an orientable closed surface). 

The presentation in Theorem 15. 41 is close to Gonzalez-Meneses' presentation. 

Theorem 5.5. ([S|) Let F he a closed orientable surface of genus 5 > 1. The 
group B(n,F) admits the following presentation: 

• Generators: ui, . . . , (T„_i, oi, . . . , a2g ■ 

• Relations: 

(1) (TjCTi+iO-i = cr.j+icria-i+1 , 

(2) (TjfTj = ajai for \i - j\ > 2 , 

(3) [ar,A2.s] = l {l<r,s<2g; r^s), 

(4) K,(7,] = l il<r<2g;i^l), 

(5) [ai...ar,A2.r]^al {I < r < 2g) , 

(6) ai . . . a2ga^^ ■ ■ ■ a^g = cria2 ■ ■ ■ cr^_i • • • cr2CTi , 
where A2^r = 0-^^(01 . . . ar-ia^^i ■ ■ ■ 025^)0'^"^ . 

Remark that the geometric interpretation of bj corresponds to the braid gener- 
ator aj when j is odd and respectively to aj^ , when j is even. Tedious computa- 
tions show that relations in Theorem l5.4l fafter replacing generators bj's with a^-'s) 
imply relations in Theorem 15.51 In the same way, Theorem 15.31 can be also veri- 
fied directly, checking that the relations in Theorem 15 . 31 implv all relations of the 
Gonzalez-Meneses' presentation for braid groups on non orientable closed surfaces 
in However, we remark that the presentation in Theorem 15.31 is simpler and 
with less relations than Gonzalez-Meneses' one. 

On the other hand, it seems difficult to give an algebraic proof of the equivalence 
between presentation in Theorem 11.21 and presentation in Theorem 15 .51 
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5.4. Applications. Wc conclude this section with some remarks. We recall that 
a subsurface E oi a. surface F is the closure of an open set of F. In order to avoid 
pathology, we assume that E is connected and that every boundary component of 
E either is a boundary component of F or lies in the interior of F. We suppose also 
that E contains V. It is known ^7] that the natural map tpn ■ B{n, E) — > B{n, F) 
induced by the inclusion E C F is injective if and only if F \ E does not contain a 
disk D^. We may provide an analogous characterisation about surjection. 

Proposition 5.1. Let F be a surface of genus g > I with p boundary components, 
and let E be a subsurface of F. The natural map tpn '■ B{n,E) ~f B(n,F) induced 
by the inclusion E C F is surjective if and only if F\E = ilD^ . 

Proof: Remark that the natural morphism 

V^i :^i(£;,Pi) ^^i(F,Pi) 



is a surjection if and only ii F\E = \1D^ . Now consider a pure braid p £ F) 
as a n-tuple of paths (pi, . . . ,Pn) and let x '■ ^'('^i F) 7ri(F)" be the map defined 
by x{p) — (Pij • ■ • jPn)- We have the following commutative diagram 



P{n, E) 



MET 



P{n,F) n^{Fr 

Since x is surjective (P?) we deduce that ijjn is not surjective on P(n,F) and thus 
on B{n,F). When E is obtained from F removing k disks, Theorems ll.il IL^ 15.11 
15.21 and 15.31 give a description of Ker{'ipn)- This result can also be easily obtained 
from the remark that -B(n, E) is a subgroup of B{n + fc, F) and that the map ipn 
corresponds to the usual projection B{n + k,F) — > B{n,F). The existence of a 
braid combing in B(n + k,F), analogous to that of the Artin braid group i?„, 
implies the claim. □ 



Proposition 5.2. Let F be a orientable surface of genus g > I, possibly with 
boundary. Let Nn{F) be the normal closure of Bn in B{n,F). The quotient 
B{n, F)/Nn{F) is isomorphic to Hi{F), the first homology group of the surface 
F. 

Proof: Setting cr^ = 1 for j = 1, . . . , n — 1 in Theorems 11.11 and 1 1 . 21 we obtain a 
presentation for Hi{F). □ 



6. Surface pure braid groups 

Several presentations for surface braid groups are known, when P is a closed 
surface or a holed disk ([5], JT], Jl], JH|)- In Theorem 16. II we provide a presenta- 
tion for pure braid groups on orientable surfaces with boundary. This presentation 
is close to the standard presentation of the pure braid group P„ on the disk. We 
provide also the analogous presentation for pure braid groups on orientable closed 
surfaces. 
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Pure braid groups Pn are a main ingredient in the construction of an universal 
finite type invariant for links in M"^ (see |lf))\ 

Using an approach similar to the case of P„ , in jlU) it is constructed an universal 
finite type invariant for braids on orientable closed surfaces. This construction is 
based on the group Kn{F), the normal closure of classical pure braid group P„ in 
P(n,F). 

Consider the sub-surface E obtained removing the handles of F. Let Yn{F) 
be the normal closure of P{n,E) in P{n,F). Using classical techniques and our 
presentation for surface pure braid groups, we prove that the group Yn{F), which 
contains properly Kn{F), is residually nilpotent fTheorem l6.4|l . On the other hand 
the group Yn{F) is the "biggest subgroup" of P{ti, F) on which one can use classical 
techniques, and the question whether P{n, F) is residually nilpotent, when P is a 
surface with genus, remains open. 

6.1. Presentations for surface pure braid groups. 

Theorem 6.1. Let F be an orientable surface of genus g >1 with p > boundary 
components. P{n, F) admits the following presentation: 

• Generators: 

{A J \ i < i < 'ig + p + n - 2,2g + p < j < 2g + p + n - l,i < j}. 

• Relations: 

{PRl) Ar'^Ar^sAij = Ar^s if {i < j < r < s) or{r + 1< i < j < s), 
or{i = r + I < j < s for even r < 2g and r > 2g) ; 

(Pi?2) AjA,- = A,^sAj^sAi] if {i<3< s) ; 

(PP3) Al]A,^sA^,j = A,^sA,.sA,^sA-J^^All if {i< j < s) ; 

(PP4) A-jAr^sAij — Ai^sAj,sA■J.AJlAr^sAj,sAi^sAJlA^l 
if {i + 1 < r < j < s) or 

{i + l— r<j<s for odd r < 2g and r > 2g) ; 

(^ERl) A^_^-^,jAr^sAr+lJ — Ar^sArJ,-l^sAj^sA^_^i^g 

if r even and r < 2g ; 

{ER2) A,^_-^^^jAr^sAr-lJ — Ar—l^sAj^sAj,_igAr_sAj,sAr—l_sAj^^A^ — 

if r odd and r < 2g . 

Proof: The choice of the notation is motivated by the notation for standard 
generators of P„ from p. Let P(n — 1, P) be the group defined by above presenta- 
tion. We give in Figure 1.11a picture of corresponding braids on the surface. Let 
h = 2g + p — 1. In respect of the presentation for B{n, F) given in Theorem ll.il 
the elements Aij are the following braids: 

• = (^j-h ■ ■ ■ crt+i-hcrf^h(^l^i_h ■ ■ ■ (^J-iv for i > 2^ + p ; 

• Ai^j = cTj • • • <yiz^}^ga^^ ■ ■ ■ (Jj\, for 2g < i < 2g + p ; 

• Aa^j = cTj • ■ • criag_^,+icrr^ • • • crj\, for 1 < i < g ; 

• A2t-ij = aj-h ■ ■ ■ o-ifeg-j+i^r^ • • • crj\, for 1 < i < 5 . 

The relations (PRl), . . . , (PR4) correspond to the classical relations for P„. The 
new relations arise when we consider two generators A2ij, A2i-i,k, ior 1 < i < g and 
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i ^ k. They correspond to two loops based at two different points whicli go around 
the same handle. Relations (ERl) and (ER2) can be verified by explicit pictures 
or using relations in Theorcm ll.il The technique to prove that (PRl), .... {ER2) 




Figure 1 1 . Geometric interpretation of Aij . We mark again with 
Aij the only non trivial string of the braid Ai_j 

is a complete system of relations for P{n, F) is well known Jl], JHl)- As 

shown in |12| . given an exact sequence 

1 A-^ B ^ C ^ 1, 

and presentations {Ga, Ra) and (Gc, Rc)-, we can derive a presentation {Gb, Rb) 
for B, where G_b is the set of generators Ga and coset representatives of Gc- The 
relations Rb are given by the union of three sets. The first corresponds to relations 
Ra, and the second one to writing each relation in C in terms of corresponding 
coset representatives as an element of A. The last set corresponds to the fact 
that the action under conjugation of each coset representative of generators of C 
(and their inverses) on each generator of A is an element of A. We can apply this 
result on (PBS) sequence. The presentation is correct for n — 1. By induction, 
suppose that for n — 1, P{n — 1,F) = P{n ~1,F). The set of elements Ai^2g+n+p-i 
{i = 1, . . . , 2g+n+p—2) is a system of generators for 7ri(F\{Pi, . . . , Pn-i}, P„). To 
show that (PRl), . . . , {ER2) is a complete system of relations for P{n, F) it suffices 
to prove that relations Rp(^n,F) are a consequence of relations {PRl), . . . , {ER2). 
Since 7ri(F\{Pi, . . . , P„) is a free group on the given generators, we just have 

to check the second and the third set of relations. Consider as coset representative 
for the generator Ai^j in P{n — 1,F) the generator Ai,j in P{n,F). Relations lift 
directly to relations in P{n, F). The action of A~j on 7ri(F \ {Pi, . . . , P„) 
may be deduced from that of Aij. In fact, relations (PR2) and (PR3) imply that 

AijAi^2g+n+p~lAj^2g+n+p-l = ^i,2g+n+p- 1 ^j,2g+n+p- 1 j" , 

for all i < j < 2g + n+p—l, and from this relation and relations (PR2) we deduce 
that 

AL]^i,2g+n+p-lA^ j — Aj 2g_^_n+p-i^i,2g+n+p-lAj,2g+n+p-l , 

for all i < j < 2g + n + p — 1) . It follows that 

As.jAi^2g+n+p- l^sj e {Ai^2g+n+p-l, ■ ■ . , A2g+n+p-2,2g+n+p-l) , 

for all s < j < 2g + n + p — 1. 

Thus we have proved that {Ai^2g+n+p-i, ■ ■ ■ , A2g+n+p-2,2g+n+p-i) is a normal 
subgroup and that also the third set of relations of Rp^^.F) is a consequence of 
(PRl),..., {ER2). a 
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In the same way we can prove the foUowing Theorem. 

Theorem 6.2. Let F be an orientahle closed surface oj genus g > 1. P{n,F) 
admits the following presentation: 

• Generators: {Ai j \ 1 < « < 2g + n — 1, 2g + 1 < j < 2g + n, i < j}. 

• Relations: 

{PRl) A^jAr^sAi^j = Ar^s if{i<j<r<s) or{r + I < i < j < s), 
or{i~r + l<j<s for even r < 2g and r > 2g) ; 

{PR2) ArjAj^sA,, = A^sAj^sA-l if (^ < j < s) ; 

{PR3) Al]A,^,A,^, = A,^,A,^sA^^,Aj^^All if {i<j <s); 

(Pi?4) A-^^Ar^sAi^j — A^^gAj^gA-lAjlAr^sAj^sAt^sAjlA-^l 
if (i + 1 < r < j < s) or 

{i + l~r<j<s for odd r < 2g and r > 2g) ; 

[ERl) A^^-^jAr^gAr^i-lJ — Ar^sAr+l,sAj^sA^^ig 

if r even and r < 2g ; 

{ER2) A^ — -j^jAr^sAr^lJ — Ar-l^sAj^sA^_-j^^gAr^sAj^sAr-l,sAj^gA^_-^^^g 

if r odd and r < 2g ; 

2g+k-l 
l=2g+l 

2g+n 

X W A2g+k,j fc = 1, . . . ,n. 

j=2ff+fc+l 

Remark 6.1. Let E be a holed disk. Theorem \ 6.1\ vrovides a presentation for 
P{n,E) f\14\ }. Let us recall that P{n,E) is a (proper) subgroup of Pn+k- where k 
is the number of holes in E. 

Remark 6.2. We recall that P„ embeds in P{n, F) f\l7\ } and thus P„ is isomorphic 
to the subgroup 

{A,^j \ 2g + l<i<j<2g + n), 
when F is a closed surface and P„ is isomorphic to 

Pn = \ 2g+p<i < j <2g+p + n-l) , 

when F is a surface with p > boundary components. Consider the sub-surface E 
obtained removing g handles from F. The group P{n,E) embeds in P{n,F) f\n\ } 
and it is isomorphic to the subgroup 

U A2k-u U A2fe^jA2fc_i.i^2fej I 2g + 1 < z < J < 2<? + n , 1 < k < g) , 

when F is a closed surface and respectively to the subgroup 

U A2k-iA U ^2fcV2fc^-i,i^2fc,; \2g + l<i<j<2g+p + n-l, I < k < g) , 

when F is a surface with p > boundary components. 

Remark 6.3. When F is a surface with genus, from relation (ERl) we deduce that 
generators Aij for 2g -\- p < i < j < 2g + n -\- p — 1, which generate a subgroup 
isomorphic to Pn, are redundant. Then Theorem 16'. Jl vrovides a (homogeneous) 
presentation for P(n,F) with {2g + p — l)n generators. 
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6.2. Remarks on the normal closure of P„ in P{n, F). As corollary of previous 
presentations we give an easy proof of a well-known fact on 

Lemma 6.1. Let x '■ P{n,F) — > 7ri(i^)" be the map defined by xip) — (Pii ■ ■ ■ iPn)- 
Let F be a closed orientable surface possibly with boundary. Let Kn{F) be the 
normal closure of Pn in P{n,F). Then 

Kerix) = K„{F) . 

Proof: The set {x(^»,j) \ l < i < 2g + p - 1 and 2g + p < j < 2g + p + n - 1} 
forms a complete set of generators for 7ri(F)". On the other hand, from relation 
(ERl) it follows that x{^i,j) = lfor2g+p<i<j<2g+p + n — I and thus 

Ker{x) = \ 2g + p < i < j < 2g + p + n - 1)) . 

Remark l6 . 21 concludes the proof. □ 



Proposition 6.1. Let F be an orientable surface possibly with boundary. When F 
is a torus 

[P{n,F),P{n,F)]^Kn{F). 

Otherwise the strict inclusion holds: 

[P(n,F),P(n,F)] 

Proof: The inclusion Kn{F) C [P{n, F), P{n, F)] is clear. 
Suppose that [P{n, F), P{n, F)] = K.a{F) = Ker{x) for g > 1. It follows that 
P(n, F) 

'-—^ is abelian. This is false since 7ri(F)" is not abelian for g > I. Let w G 

Ker[x) 

[P(n, F), P{n, F)]. The sum of exponents Ai^j in w must be zero. The projection of 
x{w) on any coordinate is the sub- word of w consisting of the generators associated 
to corresponding strand. Since the sum of exponents is zero, if P is a torus this 
projection is trivial and the claim follows. □ 

We recall that Yn{F) is the normal closure of P{n,E) in P{n,F), where E is the 
sub-surface obtained removing the handles of P. 

Proposition 6.2. Let F be an orientable surface withp > boundary components. 
The following inclusions hold: 

Kn{F) C y„(P) C Kr,+2g+p-l{F) . 

Proof: Remark 16.21 and Lemma l6.ll implv that the inclusion Kn{F) C Yn{F) 
is proper. Since P{n,E) is isomorphic to a subgroup of P„+2g+p-i and P{n,F) 
embeds in P{n + 2g + p — 1, P), it follows that Yn{F) is isomorphic to a subgroup 

of if„ + 2g+p-l(P). □ 



6.3. Almost-direct products. It is known that 

• I (Pn)'^ / L {PnY^^ is a free Z-module for all d > 0, where L'^ means the fc-th 
power of the augmentation ideal of the group ring of P„. 
This result follows from a more general statement on almost-direct products (see 

[ini or [ini ). 



20 



PAOLO BELLINGERI 



Definition 6.1. Let A, C be two groups. If C acts on A and the induced action on 
the ahelianization of A is trivial, we say that A » C is an almost-direct product of 
A and C . 

Proposition 6.3. Let A, C be two groups. If C acts on A and the induced action 
on the abelianization of A is trivial, 



I{A XI O" = ^ I{Af (g) /(C)"-'= for all m>0. 

fe=0 



Let B be a finitely iterated almost-direct product of free groups, then 

• nr=oW = {0}; 

• I{BY/I{BY+'^ is a free Z-module for all d>0. 
As consequence of Theorem 16. II we can prove that: 

Proposition 6.4. Let F be an orientable surface with boundary. Then 

• I{Y„{F)Y/I{Y„{F)Y+'^ is a free Z-module for all d>0. 

Proof: We sketch a proof for F orientable surface with one boundary component. 
Let TTi (F)" be provided with presentation 



{Aj.2g+k j = 1,. . . ,2g, k = 1,. . . ,n\[A.j^2g+k,At2g+q] = 1 for all j , I = 1 , . . . , 2g , 1 < k ^ q < n) , 



where Aj,2g+k are the loops defined in Theorem 16. II Let Fg_„ be the group with 
presentation 



{Aj,2g+k j = l,...,g, k=l,..., n\[Aj,2g-\-k,Ai^2g+q] = 1 for aU j, ^ = 1, . . . , ff, 1 < A: ^ g < n ) . 



Let /i : 7ri(F)" — s- Fg^n be the map defined by n{A2i-i,2g+k) = Ai^2g+k and 
ti'{A2i,2g+k) = 1. One can proceed as in Lemma Ffi. II for showing that Ker{^ ° x) — 
Yn{F) . Thus the following commutative diagram holds: 
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Ker{e) P{n, F) — P{n - 1, F) 



Gn 



Yn{F) r„-i(i^) 



1 1 1 

where F^^i is the free group on g generators and G„ = Yn{F) n Ker{9) is a free 
group. 

Lemma 6.2. The following set is a system of generators for Gn- 

{7^j\2g+n7"^|2.g < j <2g + n and I <j < 2g, j even } 
where ^ is a word on {A^^ i 2g+n\^ l£ k < g}. 
Proof: Consider the vertical sequence 



Gr. 



Ker{0) 



Fg,l 



Recall that Ker{9) — tti{F \ {Pi, . . . , Pn-i}, Pn)- A set of free generators for this 
group is given by {ylj.2g+ri|l l£ j < ^g + n}. The map ^J-o x sends Aj_2g+n in 1 for 
^g < j < ^g + n and I < j < 2g, j even. On the other hand, /i o x(^2fc-i,2g+n) — 
-4A;,2g+i for fc = 1, . . . ,g. □ 

Recall that the existence of a section for 6 implies that Yn-i{F) acts by conju- 
gation on Gn and thus on the abelianization G'„/[G'„, G„]. The following Lemma 
and Proposition 16.31 conclude the proof. □ 



Lemma 6.3. The action ofYn-i{F) by conjugation on G'„/[G'„,G„] is trivial. 

Proof: Let t G {Aj^k\2g < k < 2g + n,2g < j < k and 1 < j < 2g , j even } and 
/ G {Aj^2g+n\2g < j < 2g + n and 1 < j < 2g , j even}. We need to verify that 
every t acts trivially on G„/[G„, G„]. Presentation in Theorem 16 . II shows that 



(A) tft-' = f (mod[G„,G„]), 
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for every t and /. Now consider the action of t on A2s.2g+n, for s = 1, . . . , g. We 
refer once again to Theorem 16.11 for showing that for every t G {Aj,fc|2f; < k < 
2g + n, 2g < j < k and 1 < j < 2g, j even }, 

[B) tA2s-l,2g+nt~^ = hA2s-l,2g+n (1 < S < ff) , 

where h G G„. Let 7 be a word on 29+™!-'^ < k < g}. From (A) and (B) 

it foUows that, for every t £ {Aj i^\2g < k < 2g + n,2g < j < k and 1 < j < 
2g, j even}, t-ff^/'H-'^ = t-/t-H'ft-'^t-/-H-'^ = h-ftft~'^-f-'^h-^ = h'yfj-^h-^ = 
7/7"^ , where h is an element of G„. □ 

Remark 6.4. We notice that classical techniques do not apply to the whole group 
P(n,F). The main obstruction is that, even when the exact sequence (PBS) splits, 
the action of P(n, F) on the abelianisation of'Ki{F\ {xi, . . . ,x„_i}) is not trivial, 
because of relations (ERl) and (ER2). In particular, when F is a surface of genus 
g > 1, it is presently unknown whether the graded group associated to the lower 
central series of P{n, F) is torsion free. 
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